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Recent experiments have revealed that the temperature dependence of the conductance of quasi-
ballistic quantum wires bears clear features of the Luttinger-liquid state. In this paper, the conduc-
tance of an N-channel quantum wire is calculated within the model of N coupled Luttinger liquids
and under the assumption of weak disorder. It is shown that as the number of channels increases,
a crossover from the Luttinger-liquid to the Fermi-liquid behavior occurs. This crossover manifests
itself in the 1/N decrease of the scaling exponent of the temperature dependence. An exact expres-
sion for the scaling exponent for the case of N coupled Luttinger chains is obtained, and the large N
limit is studied for the case of a quantum wire. The case of N = 2 for electrons with spin is analyzed
in detail, and a qualitative agreement with the experiment is achieved.
PACS numbers: 74.80.Dm, 73.20.Dx
I. INTRODUCTION
Although the conventional Landau theory for Fermi
liquids [1,2] has been very successful in understanding
many condensed matter systems, its failure to describe
quasi-one-dimensional (Q1D) systems, e.g., conducting
polymers and organic conductors, has motivated the
search for alternative models which can describe a non-
Fermi liquid behavior. The most theoretically studied ex-
ample of a non-Fermi liquid system is that of interacting
electrons in one dimension (1D) known as the Tomonaga-
Luttinger model [3,4]. By now, the main properties of
this model are theoretically well-understood and form the
concept of a “Luttinger liquid” [5]. Luttinger liquids are
very different from their higher dimensional counterparts,
Fermi liquids, in many respects, including: The absence
of single-particle excitations at low energies; spin-charge
separation and the absence of a well-defined Fermi sur-
face, even at zero temperatures.
Despite the vigorous theoretical activity in this field,
there has been only limited experimental evidence for
the existence of Luttinger liquids in the conventional
Q1D systems, such as organic conductors. The genuine
Luttinger-liquid behavior is easily masked in these sys-
tems by other effects, such as Peierls transitions and
dimensionality crossovers resulting from the coupling
among the conducting chains. However, recent advances
in semiconductor technologies have made high-mobility
quantum wires new and promising candidates for study-
ing Luttinger-liquid effects in Q1D interacting electron
systems. The most obvious advantages of the quantum
wires are: i) the absence of unintentional dimensionality
crossovers; ii) a very low controllable degree of disorder
and iii) the absence of Peierls transitions. Indeed, the
first evidence for Luttinger-liquid behavior has recently
been obtained in transport measurements [6,7] on GaAs
quantum wires, where the temperature dependence of the
conductance of a weakly disordered single-channel [6] and
multi-channel [7] quantum wires was interpreted in terms
of the Tomonaga-Luttinger model [8]. Luttinger-liquid
behavior has also been observed in transport experiments
on fractional quantum Hall systems [9,10], where the edge
states are believed to be in the chiral Luttinger-liquid
state [11].
Luttinger liquids and Fermi liquids are two fixed-point
regimes, which are well-understood on their own. The
crossover between these regimes, which is expected to oc-
cur when several Luttinger liquids are coupled together,
is of significant interest from the general theoretical point
of view and has been investigated by a number of au-
thors [12,13,14,15,16,17,18,19,20,21]. However, it is dif-
ficult to compare the results of various theoretical ap-
proaches with the experiment, because the parameters
driving this crossover such as the number of Luttinger-
liquid chains coupled together by inter-chain tunneling,
electron-electron interactions or both, cannot be changed
smoothly in a real sample. The semiconductor quantum
wires again appear to be ideal candidates for studying the
Luttinger-liquid to Fermi-liquid crossover, because the
number of conducting channels is an adjustable param-
eter of the experimental set-up. The indication for such
a crossover in the conductance of GaAs quantum wires
has recently been observed [7]. Theoretically, Matveev
and Glazman [22,23] have used a multi-channel model to
calculate tunneling into a clean wire.
In this paper, we study the conductance of a multi-
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channel quantum wire in the presence of disorder. Our
main goal is to follow the crossover from the single-
channel case to the multi-channel, when the wire is ex-
pected to be in the Luttinger-liquid state and the Fermi-
liquid state, respectively. The second motivation for this
study comes from recent experiments [7], in which, an
indication of such a crossover has been observed. Our
main result is that the temperature-dependent conduc-
tance of a weakly disordered Luttinger-liquid wire, is re-
duced with an increasing number of occupied channels
N , and disappears in the limit of an infinite number of
channels. We find that the scaling exponent of the tem-
perature dependence behaves as 1/N , for N ≫ 1.
This paper is organized as follows. In Sec. II, we de-
scribe the model of a multi-channel quantum wire in the
presence of long-range disorder and short-range electron-
electron interactions. In Sec. III, we present a general
formalism for the calculation of the conductance and de-
rive the expression for the exponent of the temperature
scaling. This exponent is analyzed for various situations
in Sec. IV. In Sec. IVA, the general result for spinless
electrons is studied, and the comparison with the experi-
mental results is made in Sec. IVB. Our conclusions are
given in Sec. V.
II. FORMULATION OF THE MODEL
In this section, we outline the main assumptions
and approximations used to calculate the temperature-
dependent conductance of a weakly disordered Luttinger-
liquid wire including: The geometry of the wire, the ef-
fects of disorder, the nature of electron-electron interac-
tions and the effect of electron reservoirs. We rely on the
approaches developed by Glazman and Jonson [24] and
by Matveev and Glazman [23].
A. Geometry
Consider a quantum wire of width d, adiabatically con-
nected to the leads. For simplicity, the confinement in
the transverse direction is modeled by a square well-
potential. The wavefunction of the nth mode of trans-
verse quantization Ψn(x, y) is expanded over the adia-
batic basis of transverse wavefunctions ξm⊥(y)
Ψn(x, y) =
∑
m
ψnm(x)ξm⊥(y) . (1)
Limiting to the leading (zeroth) order in the adiabatic
expansion, ψnm(x) takes the form
ψ(0)nm(x) =
1√
L
eiknxδnm , (2)
where kn is the longitudinal wavevector of an electron
with a total Fermi momentum h¯kF
kn = kF
√
1−
[n
z
]2
, (3)
where z = kF dπ . The number of occupied transverse chan-
nels in the wire is N = [z]. An effective Fermi velocity
for channel n is defined as vF (n) = h¯kn/m
∗.
B. Disorder
In the absence of disorder, the conductance is quan-
tized in units of e
2
h per spin orientation, where each
plateau of quantization corresponds to a newly occupied
channel.
The quasi-ballistic regime, where the wire length L is
shorter then the (transport) mean free path ℓ is con-
sidered. This regime is realized in the experiments by
Tarucha et al. [6,7], in which ℓ/L > 6.
That the disorder potential in GaAs heterostructures
varies slowly on the scale of the Fermi-wavelength [25],
i.e., kF ℓc > 1, where ℓc is the correlation length of
the disorder potential [26] is also assumed. Backscat-
tering processes in which the longitudinal momentum of
the electron in the ith channel is changed by h¯δkij =
h¯ki + h¯kj , j = 1 . . .N , give the contribution to the re-
sistance. The probability of these processes PBS within
a long-range disorder potential depends exponentially on
δkij : PBS ∼ exp(−2δkijℓc) [25]. Therefore two different
regimes may be distinguished [24].
In the first regime, PBS is exponentially small for all
occupied channels, except for the topmost one (i = N).
In this channel, two situations can occur. 1) When the N
channel is just opened, the Fermi energy is equal to the
threshold energy. The momentum carried by this channel
is small and is strongly affected by impurity scattering.
In this case, the scattering in channel N clearly gives
the dominant contribution to the resistance. 2) As the
Fermi energy is increased, the momentum increases, PBS
decreases and finally becomes exponentially small. How-
ever, because δkij is minimal for i = j = N , i.e., for the
backscattering within channel N , this process dominates
the resistance. Thus, regardless of the position of the
Fermi energy to the threshold energy the largest contri-
bution to the resistance is given by the backscattering
in the topmost channel , and the contributions from the
rest of the channels are negligible.
In the second regime, PBS ceases to be exponentially
small for some channel Nc < N , such that kNcℓc ∼ 1.
Then, all the channels with Nc ≤ n ≤ N are subject to
strong backscattering.
As was shown by Glazman and Jonson [24], the first
(second) regime is realized if N < N∗ (N > N∗), where
N∗ = 8(kF ℓc)
2. In a typical experimental situation,
N∗ ≃ 100 (N∗ ≈ 60 in the experiment [7]). As the num-
ber of observed plateau is usually significantly smaller
than N∗, it suffices to consider only the first regime and
take into account the backscattering only in the topmost
channel.
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Although the disorder is smooth on the scale of the
Fermi wavelength (kF ℓc > 1), it can be shown (cf.
Appendix) that the effective potential describing the
backscattering of left- and right-moving excitations can
be represented by a δ-function form: The only informa-
tion on the smooth variations of the original potential
are hidden in the exponentially-small prefactor of the δ-
function.
C. Electron-electron interactions
The same Luttinger-liquid model for a multi-channel
wire as that proposed by Matveev and Glazman [23]is
employed. We specify the assumptions needed for this
model and we begin with the case of spinless electrons.
The Hamiltonian of interacting 2D spinless electrons is
given by:
H = H◦ +Hint (4)
where H◦ is the Hamiltonian of free electrons and
Hint =
1
2
∫
drdr′U(r− r′)Ψˆ†(r)Ψˆ†(r′)Ψˆ(r′)Ψˆ(r) , (5)
where U(r− r′) is a (repulsive) Coulomb interaction and
Ψˆ(r) represents the fermionic field operator. Our first as-
sumption is that the interaction term (Eq. 5) can be re-
placed by the direct density-density interaction between
electrons occupying different channels, i.e.,
Hint ⇒ 1
2
∑
ij
∫
dx
∫
dx′ρi(x)ρj(x
′)Uij(x− x′) , (6)
where ρk is the density operator of the k−th channel and
Uij(x− x′) =
∫
dy′
∫
dy |ξi(y)|2|ξj(y′)|2U(r− r′) . (7)
This assumption neglects the inter-channel exchange in-
teractions, which are usually considered to be less impor-
tant than the direct ones due to the smaller values of the
overlap integrals.
The Coulomb potential is assumed to be screened by
the metallic gates forming the channel, and in the dc
limit the actual form of the potential U(r − r′) can be
replaced by the delta-function: U◦δ(r − r′) [23]. For a
δ-function 2D potential, the effective 1D potential is also
a δ-function. Using the eigenfunctions of a square-well
confinement potential for ξi⊥ in Eq. (7), the 1D coupling
constant is channel-independent and it is related to U◦
by
h¯V◦ =
U◦
d
, (8)
where the numerical coefficient has been absorbed into
the redefinition of U◦.
The interaction Hamiltonian (Eq. 6) causes forward
and backward scattering processes. In a multichannel
case, the forward scattering is defined as the process
in which none of the momenta of the electrons is re-
versed, although the momentum transfer, Q, may not
be equal to zero as the electrons can be exchanged be-
tween the channels. Forward scattering includes pro-
cesses with Q ≈ 0 (for momentum transfer between elec-
trons in the same channel and in different channels) and
Q ≈ kF (i)−kF (j) (for momentum transfer between elec-
trons in channel i and channel j). The density-density
interaction in Eq. (6) conserves the total number of elec-
trons in a given channel. Therefore, for temperatures low
enough, i.e., T ≪ min{vF (i), vF (j)}|kF (i) − kF (j)|, the
forward scattering with Q 6= 0 involves electron states
only far away from the Fermi level and can thus be ne-
glected. Apart from the renormalization of parameters,
repulsive interactions the backscattering do not change
the low energy properties of the system [12,27,28], and
therefore they are not included in the model [29]. Finally,
the Umklapp processes are not included, because of the
low electron densities in semiconductor heterostructures:
A typical quantum wire is very far away from the half-
filling condition.
Each 1D channel is described by a Luttinger-liquid
model in which the electron density fluctuations of the
i-th channel are represented by a boson field φi(x, τ) de-
fined so that
ρi(x) − ρ¯i = 1√
π
∂xφi , (9)
where ρ¯i is the average electron density in this channel.
The (number) current flowing in the i-th channel is
j = −i∂τφ/
√
π . (10)
The (Euclidean) action of the system of interacting elec-
trons occupying N channels is given by [23]
S1 =
h¯
2
∫ β
0
dτ
∫
dx
N∑
i=1
[ 1
Kivi
(∂τφi)
2 +
vi
Ki
(∂xφi)
2
]
, (11a)
S2 =
h¯
2
N∑
i6=j
V◦
π
∫ β
0
dτdx∂xφi∂xφj . (11b)
The action S1 describes a set of N Luttinger liquids with
parameters Ki, vi which depend on the Fermi velocities
vF (i) and the effective coupling constant V◦. The action
S2 describes the forward part of the density-density in-
teraction between the channels. The electron spin will
be included in Sec. IVB.
D. Effect of Reservoirs
Two characteristic features are predicted for the con-
ductance of a single-channel Luttinger-liquid wire, g.
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First, in the absence of disorder, g is expected to be
renormalized by the electron-electron interactions to the
value of g = Ke2/h per spin orientation [30,31], where
g = e2/h for a non-interacting system, when K = 1.
Second, in the presence of weak disorder, g had been
shown to decrease with the temperature, revealing a
tendency to interaction-enhanced Anderson localization
[30,32,33]. At temperatures lower than TL ≡ vF /L,
this temperature-dependence crosses over to a length-
dependence. However, as has recently been shown by
a number of authors [34,35,36,37], the first prediction
does not survive if the presence of the Fermi-liquid elec-
tron reservoirs attached to the wire, is taken into ac-
count. Instead, the conductance remains at its non-
interacting value g = e2/h. This result was obtained
in Refs. [34,35,36,37] in a model in which the Fermi-
liquid reservoirs were imitated by switching off the inter-
actions in the outer parts of the system, i.e., by putting
K = 1 outside the wire [38]. On the other hand, the
second prediction was shown to survive even in the pres-
ence of the reservoirs [39,40,41]. Moreover, the scaling
exponent of the leading term in the T -dependence was
found to be independent of the reservoirs, and the in-
teraction strength behaved as uniform throughout the
system [39,40,41,42]. This occurs because when T ≫ TL,
i.e., when L≫ LT , the density-density correlation func-
tion, whose 2kF Fourier component determines the value
of disorder-induced corrections to the conductance, de-
cays inside the wire and is only minimally affected by
the presence of the reservoirs [43]. Thus, in order to
determine the temperature-dependence of the conduc-
tance, the original model of a homogeneous Luttinger
liquid [30,31,32,33] may be employed and the presence of
the reservoirs may be ignored. If the interactions are not
strongly attractive [ [42]], the error introduced by this
simplification will be in an incorrect numerical prefac-
tor of the T -dependence term, a non-universal quantity.
Using this reasoning, we consider only the model of ho-
mogeneous coupled Luttinger liquids.
III. CONDUCTANCE OF AN N-CHANNEL WIRE
In this section a general scheme for the calculation of
the corrections to the conductance of a quantum wire
carrying N occupied channels due to the presence of weak
disorder is presented.
The current I = ej is related to the electric field by
I(x, t) =
∫ L/2
−L/2
dx′
∫
dω
2π
e−iωt σω(x, x
′)Eω(x
′) , (12)
where Eω(x) is the temporal Fourier component of the
electric field and σω(x, x
′) is the non-local ac conductiv-
ity. To calculate σω(x, x
′), we make use of the Kubo
formula [44]
σω(x, x
′) =
ie2
2πh¯ω
∫ β
0
dτ 〈T ∗τ j(x, τ)j(x′, 0)〉 eiω¯τ |ω¯=−iω+ǫ ,
(13)
where ej(x, τ) is the total current through the wire, T ∗τ
is a time ordered product as defined in Ref. [44] and ω¯ is
the Matsubara frequency.
In the presence of N channels, the total current is the
sum of the currents carried by each channel. Upon boson-
isation, the expression for the conductivity takes the form
σω(x, x
′) =
e2
2πh¯
iω¯2
ω
Gω¯(x, x
′)|ω¯→−iω+ǫ , (14)
where
Gω¯(x, x
′) =
∫ β
0
dτ
N∑
i,j=1
〈T ∗τ φi(x, τ)φj(x′, 0)〉eiω¯τ , (15)
and φi is defined in Eq. (9).
For a 2D disorder potential W (r), the effective 1D po-
tential Wij(x) is obtained by taking the matrix element
of W (r) between the transverse wavefunctions ξi⊥ and
ξj⊥. The action representing the impurity-electron inter-
action takes the form
SI =
h¯
2
N∑
i,j
∫
dxψ∗i (x)Wij(x)ψj(x) , (16)
where ψk(x) is defined by Eq. (2). Although the im-
purity scattering includes processes where electrons can
be transferred from channel i to channel j, as discussed
in Sec. II B, only the backscattering in the last occu-
pied channel N is important. In this case, Wij(x) =
W (x)δiN δjN .
The part of SI describing the backscattering is
SIB =
h¯
πa
∫ β
0
dτ
∫
dxWB(x) cos[2kF (N)x+ 2
√
πφN ] ,
(17)
where a is the microscopic cut-off length and WB(x) is
the effective backscattering potential (cf. Appendix).
We introduce the new fields χ(x, τ) by rescaling the
fields φ(x, τ) as
φi(x, τ) =
√
Kivi χi(x, τ) . (18)
Using these fields, the action of the system without dis-
order takes the form
S1 + S2 =
h¯
2
∫ β
0
dτ
∫
dx
N∑
i,j=1
[
(∂τχi)
2 + v2i (∂xχi)
2 +
Vij(∂xχi)(∂xχj)
]
, (19)
where Vij = (V◦/π)
√
KiviKjvj .
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Due to the separability of the interaction term
(Eq. 11b), this action can be diagonalized exactly to give
S1 + S2 =
h¯
2
∫ β
0
dτ
∫
dx
N∑
i=1
[
(∂τ χ˜i)
2 + w2i (∂xχ˜i)
2] ,
(20)
where χ˜m =
∑N
i=1 Amnχn and wi are the eigenvalues of
Amn satisfying the following equation:
π
V◦
=
N∑
j=1
Kjvj
(w2i − v2j + (V◦/π)Kjvj)
. (21)
The elements of the diagonalization matrix A are given
by
A2ij =
Kivi
(w2j − v2i + (V◦/π)Kivi)2[ N∑
l=1
Klvl
(w2j − v2l + (V◦/π)Klvl)2
]−1
. (22)
The expression for the impurity action now takes the
form
SI =
h¯
πa
∫ β
0
dτ
∫
dxW (x) cos[2kF (N)x+
√
4π
N∑
i=1
ANi
√
Kiviχ˜i] . (23)
Because of the assumption of weak disorder, the conduc-
tance g can be obtained via the perturbation expansion
in W (x):
g = N
e2
2πh¯
+ δg . (24)
The leading term in Eq. (24) is taken to be unrenormal-
ized by the interactions (cf. Sec. II B). δg is expressed
in terms of the correlation function W (x)W (0). As is
shown in the Appendix, this correlation function can be
taken in the following form
WB(x1)WB(x2) = niu
2δ(x1 − x2) , (25)
where u is the effective impurity strength. The only in-
formation about the long-range nature of the disorder is
now contained in the parameter u2, which is proportional
to the backscattering probability PBS of the original po-
tential (cf. Sec.II B). Under this assumption, the leading
(second order in W) contribution for the correction to
the Green’s function is given by
δGω¯(x, x
′) = −2niu
2
(πa2)
∫ L/2
−L/2
dx1[F
(N)
0 (x1)− F (N)ω¯ (x1)]
[ N∑
i,j,l,m=1
cilcjmcNlcNmG˜l(ω¯;x− x1)G˜m(ω¯;x1 − x′)
]
(26)
where
F
(N)
ω¯ (x)=
∫ β
0
dτeiω¯τ exp(−4π
N∑
j=1
c2Nj [G˜j(x, 0)− G˜j(x, τ)]) ,
(27)
G˜j(x, τ) is the propagator of the field χ˜j defined as
G˜j(x − x′, τ) = −〈Tτ χ˜j(x, τ)χ˜j(x′, 0)〉 , (28)
and cij =
√
KiviAij . The function F
(N)
ω¯ is the Fourier
transform of the 2kF density-density correlation function
for the channel N . Because the action S1+S2 as written
in Eq. (20) is quadratic in χ˜j , the propagator G˜j and
the function F
(N)
ω¯ can be calculated straightforwardly.
Following the procedure of Ref. [39], we obtain for L ≫
LT that the correction to the conductance is given by
δg = − e
2
2πh¯
C
L
ℓ∗
(4πT
h¯ωF
)−αN
(29)
where
αN = 2
(
1−KNvN
N∑
j=1
A2Nj
wj
)
. (30)
In (29), ℓ∗ is an effective elastic mean free path defined by
1/ℓ∗ = niu
2/a2ω2F , with ωF being the (non-universal)
ultraviolet energy cut-off, and C is a positive constant
depending on Ki, vi. Eq. (29) is the most general result
given in terms of the initial parameters of the model.
In the next section various regimes in which the scaling
exponent α can be calculated are discussed.
IV. SCALING EXPONENT
A. One and N channels for spinless electrons
The case of a wire with only one occupied spinless
channel is the simplest one and the well-known value for
the temperature exponent is easily recovered. In this
case N = 1, A11 = 1, and from the eigenvalue equation
(21) w = v. Thus, the temperature exponent reduces to
α1 = 2(1−K) in agreement with previous results [30,32].
To analyze the case of N occupied channels, it is neces-
sary to solve the eigenvalue equation (21) which amounts
to finding all zeroes of an N degree polynomial. The so-
lutions to this equation (wi) have the meaning of the
sound velocities of the new fields χ˜i, whereas the original
fields φi propagate with velocities vi. The main feature of
these solutions is that all but one wi lie between the val-
ues of two adjacent vi (vi−1 < wi < vi), whereas one wj
is bigger than the maximal vi. This biggest velocity cor-
responds to the collective mode χ˜j =
∑
i cjiφi where all
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the coefficients cji have the same sign. The linear com-
bination for the rest of wi include coefficients cil with
different relative signs.
In a model case where the N coupled channels are
viewed as N equivalent coupled chains with disorder
scattering only in one chain, the eigenvalue equation for
N ≥ 2 can be solved exactly. In this case Ki = K;
vi = v, i = 1, . . . , N ; Eq. (21) can be solved analytically
and the matrix elements Aij can be found explicitly. The
expression for the temperature exponent is given by
αN = 2
[
1− 1
N
K√
1 + [V◦K(N − 1)]/(πv)
−
(1− 1
N
)
K√
1− (V◦K)/(πv)
]
. (31)
In Eq. (31), the second term is the contribution coming
from the collective mode, and the last one is the contri-
bution from all the other modes. In the limit of large N ,
we obtain a finite value for α, for generic values of K, v
and V◦. However, these parameters are not independent,
but are related as
K =
[
1 +
V◦
πvF
]−1/2
, (32a)
v = vF
[
1 +
V◦
πvF
]1/2
. (32b)
Substituting these equations into Eq (31), we find:
αN =
2
N
(1 −
[
1 +
V◦N
πvF
]−1/2
) . (33)
In the limit N → ∞, the exponent vanishes rendering a
temperature independent conductance.
In order to understand the temperature dependence of
the conductance for quantum wires, however, we need
to work with a set of 2N different parameters Ki, vi.
These parameters are related to the Fermi velocity of
the channel by Kivi = vF (i), with vF (i) defined in
Sec. II A. Making use of relations similar to those given
by Eqs.(32a,32b)
Ki =
[
1 +
V◦
πvF (i)
]−1/2
, (34a)
vi = vF (i)
[
1 +
V◦
πvF (i)
]1/2
, (34b)
the eigenvalue equation reduces to
π
v◦
=
N∑
i=1
si
w˜2j − s2i
(35)
where v◦ = V◦/vF , sj =
√
1− (j/z)2 and w˜j = wj/vF .
Under the conditions N ≫ 1, V◦/vF ≪ 1, and V◦N →
const,
αN =
2
N
V◦N
πvF
[1−O( 1
N
)] . (36)
Eq. (36) contains the combination V◦N/vF . Using
Eq. (8) in the limits N → ∞ and V◦ → 0, this com-
bination approaches the constant value U◦m/πh¯
2, which
is the dimensionless coupling constant of the original 2D
problem [18], common in Fermi-liquid theory [1]. Thus,
in both cases of N occupied channels and N chains, the
dependence of the temperature exponent with the num-
ber of channels (or chains) is 1/N as shown in Eqs. (33,
36). This result is in agreement with the dependence
found by Matveev and Glazman [23] for the exponent
of the tunneling conductance, after redefining the value
of their one-dimensional interaction potential in such a
way to get a finite two-dimensional coupling constant.
In the same limit, the velocity of the collective mode χ˜j
approaches the zero-sound velocity of a two-dimensional
Fermi-liquid [1,18].
As is seen from Eqs. (33) and (36), in the limit N →∞
the temperature exponent vanishes, and the correction to
the conductance , δg, becomes temperature independent.
This corresponds to the conductance of a Fermi-liquid at
low temperatures in the presence of weak disorder. In the
Born approximation, lowest order of perturbation theory
in impurity scattering, the temperature-dependent weak-
localization corrections are not observed. Thus, as the
number of occupied channels (or the number of chains)
increases, the crossover between a Luttinger-liquid and a
2D Fermi-liquid is observed.
B. N = 2 (Electrons with spin)
Finally, in order to compare theoretical with the ex-
perimental results [7], the temperature exponent for a
two-channel wire for the case of electrons with spin is
calculated. To include spin, a boson field for each spin
orientation φσ,i (σ =↑, ↓) is introduced, and the charge
and spin fields are defined as follows
φc,i =
φ↑,i + φ↓,i√
2
, (37a)
φs,i =
φ↑,i − φ↓,i√
2
. (37b)
The action in the absence of disorder is
S˜ =
h¯
2
∫ β
0
dτ
∫
dx
{ ∑
µ=c,s
2∑
j=1
[ 1
Kµjvµj
(∂τφµj)
2
+
vµj
Kµj
(∂xφµj)
2
]
+ (V◦/π)∂xφ1c∂xφ2c
}
, (38)
where the parameters Kµj , vµj correspond to the charge
and spin Luttinger-liquid parameters [28] for both chan-
nels. The backscattering part of the interaction has not
been included in Eq. (38) according to the discussion in
Sec. II C. The part of the impurity action describing the
backscattering in the topmost (i = 2) channel has the
form
6
S˜IB =
2h¯
πa
∫ β
0
dτ
∫
dxW (x)cos[2kF (2)x+
√
4πφ2c(x, τ)]
cos(
√
4πφ2s(x, τ)) . (39)
Following the same procedure as in the spinless case, the
temperature exponent of the conductance is
α˜2 = 1−K2cv2c
2∑
i=1
A22ic
wic
, (40)
where Almc is the matrix used to diagonalize the charge
part of the action and wic are the corresponding eigenval-
ues. Here, the SU(2) symmetry requirement of K2s = 1
has already been satisfied. In complete analogy with the
spinless case, the relation between Kci, vci and the Fermi
velocity of a given channel and the equality between the
intra- and inter-channel interactions are used to solve the
eigenvalue equation. For completeness, explicit analytic
expressions for the eigenvalues and matrix elements are
presented
s21,2 =
x21 + x
2
2
2
+
g
2
(x1 + x2)±
(x21 − x22)
2
√
1 +
2g
x1 + x2
+
g2
(x1 − x2)2 ; (41a)
A22jc =
1[
1 + x1x2
(
s2
j
−x22
s2
j
−x21
)2] , (41b)
where xi =
√
1− (i/z)2, si = wic/vF and g = V◦/(πvF ).
In the one-channel case with spin,
α˜1 = 1−Kc1 . (42)
In order to compare the one- and two-channel cases,
the exponents α˜1 and α˜2 are plotted as a function of Kc1
as an effective measure of the interaction strength. As is
shown in Fig. 1, the value of the exponent for two chan-
nels is smaller than for one channel. This is in qualitative
agreement with the experimental observations [7], where
the temperature dependence of the conducting wire was
found to be weaker than in the one-channel case. The
arrow indicates the value of Kc1 ≃ 0.7 obtained from
the analysis of the data on the conductance of a single-
channel wire [7]. For this value of Kc1, α˜2 is smaller
than α˜1 by only about 30%. Thus, although the Fermi-
liquid-like behavior sets in for N ≫ 1, a Luttinger-liquid
behavior is still well-pronounced for a few-channel wire.
V. CONCLUSIONS
The correction to the conductance of an N channel
quantum wire arising from weak impurity scattering is
calculated, assuming that the wire can be modeled by a
set of N coupled Luttinger liquids.
The general expression for the scaling exponent of the
temperature dependent conductance of a quantum wire
is obtained, and it is shown that this exponent behaves
as 1/N for N ≫ 1. That is, as the number of channels in-
creases, the temperature dependence diminishes and van-
ishes in the limitN →∞. This temperature-independent
conductance is characteristic for a Fermi-liquid system.
In this way, the results presented support the idea of
a continuous crossover between the Luttinger-liquid and
the Fermi-liquid pictures, as the number of channels (or
chains) is increased, as has been suggested by several au-
thors [12,18].
Finally, the temperature exponent in the two-channel
case is calculated including the electron spin. The result
agrees qualitatively with the experimental observations.
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APPENDIX A
In this Appendix, the bosonized expression for the im-
purity backscattering Hamiltonian for the one-channel
case is derived. This calculation is necessary because,
as will be shown below, the effective backscattering po-
tential for the right- and left-movers is different from the
original one. It is shown that even if the original poten-
tial is long-ranged, the effective backscattering potential
takes the local (δ-function) form.
For a one-channel quantum wire, the Hamiltonian de-
scribing the electron-impurity interaction is
H =
∫
dxψ†(x)W (x)ψ(x) (A1)
or, in momentum space,
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H =
∫ ∞
−∞
dq
2π
dQ
2π
ψ†(q +Q)ψ(q)W (Q) , (A2)
where W (x) is the disorder potential, whose correlation
function W (x)W (0) is assumed to be known. The op-
erators of right- and left- moving electrons are intro-
duced and the contributions to the integral over Q in
Eq. (A2) from the forward (|Q| ≈ 0) and backward
(|Q| ≈ 2kF ) scattering processes are separated. Going
back to the real-space representation, the backscattering
part of Hamiltonian (A1) takes the form
HB =
∫
dx
πa
cos(2kFx+
√
4πφ)WB(x) , (A3)
where WB(x) is the effective backscattering potential
WB(x) = 2Re
∫ 2kF+Λ
2kF−Λ
dQ
2π
W (Q) eiQx , (A4)
and Λ = 1/a ≪ kF is a hard momentum cutoff. Note
that WB(x) is not equal to the original W (x) because
the integration over Q in Eq. (A4) is taken over narrow
regions near 2kF only. Representing W (x) by a sum of
single impurity potentials u(x), the correlation function
WB(x)WB(0) takes the form
WB(x)WB(0) = 2ni
∫ 2kF+Λ
2kF−Λ
dQ
2π
|u(Q)|2 cosQx . (A5)
To avoid spurious oscillations introduced by a hard cutoff
procedure, an actual calculation should be performed by
using the soft cutoff procedure. Therefore, the following
change is made
∫ 2kF+Λ
2kF−Λ
dQ
2π
. . .⇒
∫ ∞
−∞
dQ
2π
e−
(Q−2kF )
2
2Λ2 . . . . (A6)
u(Q) is chosen to be
u(Q) = u◦e
−|Q|ℓc . (A7)
This form captures correctly the exponential dependence
of u(Q) on Q for a realistic disorder potential in GaAs
heterostructures [25]. Performing the integration in
Eq. (A5), one obtains
WB(x)WB(0) = ni
(
u◦e
−2kF ℓc
)2 ×[
g1Λ(x) cos(2kFx) + g2Λ(x) sin(2kFx)
]
, (A8)
where
g1,2Λ(x) = Λ
√
2
π
e2Λ2ℓ
2
ce−
Λ2x2
2 ×
{
cos(2Λ2ℓcx)
sin(2Λ2ℓcx)
. (A9)
The correction to the bosonic propagator is given by
δGω¯(x− x′) = − 2
πa2
( 2π
ωFβ
)2K1 ∫ L/2
−L/2
dx1dx2
WB(x1 − x2)WB(0) cos 2kF (x1 − x2)[
G0ω¯(x − x1)G0ω¯(x1 − x′)F0(x1 − x2)−
G0ω¯(x− x1)G0ω¯(x2 − x′)Fω¯(x1 − x2)
]
; (A10a)
Fω¯(x) =
∫ β
0
dτ
eiω¯τ
[(sinh πx/LT )2 + (sinπτ/β)2]K1
, (A10b)
where G0ω¯(x) is the propagator in the absence of disorder.
The product WB(x)WB(0) cos 2kFx can be separated as
WB(x)WB(0) cos 2kFx ∝
g1Λ(x) + cos(4kFx)g1Λ(x) + sin(4kFx)g2Λ(x) . (A11)
An estimate of the length-scales of the various functions
entering the integrals over x1,2 in Eqs. (A10a,A10b) can
be done. First of all, the product WB(x)WB(0) cos 2kFx
contains a component oscillating on the scale ≃ 1/4kF ,
whereas the functions g1,2Λ(x) in this product oscillate
on the scale ≃ 1/(2Λ2ℓc) and decay rapidly on the scale
≃ 1/Λ. The density-density correlation function (A10b)
decays on the scale ≃ LT . The propagator G0ω¯(x) decays
on the scale ≃ vF /ω¯. After the analytic continuation
(iω¯ → ω+ i0) is performed and the the dc limit is taken,
this scale becomes infinite. By the meaning of the cutoff
procedure, LT , ℓc ≫ 1/Λ. Also, when comparing the
scales of 1/4kF and 1/2Λ
2ℓ2c , one has to recognize that
the limit kF /Λ→∞ is to be taken before the limit Λ→
∞. Thus it is posible to establish the following hierarchy
of scales
1
4kF
≪ 1
Λ
(
1
2Λℓc
)
≪ 1
Λ
≪ LT . (A12)
This shows that the 4kF -oscillating terms in Eq. (A11)
can be neglected as these oscillations are the most rapid
ones, whereas the function Fω¯(x) varies slowly compared
to g1Λ(x). As can be easily checked, g1Λ(x)|Λ→∞ → δ(x).
The effective correlation function takes the form
WB(x)WB(0)→ ni
(
u◦e
−2kF ℓc
)2
δ(x) , (A13)
which is the same as for a sum of δ-function impurities
with the exception that the strength of each impurity is
renormalized. This renormalization is the only effect of
the actual form of the impurity potential on the effec-
tive backscattering potential. For a δ-function original
potential (ℓc = 0), the renormalization is absent. For
a long-ranged potential (kF ℓc > 1), such as the present
in GaAs heterostructures, the backscattering potential is
exponentially weak.
∗ Present address.
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